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Abstract

We define a twin prime pair (p,q) of primes p,q if ¢ — p = 2. We call ¢ an upper
twin prime. Then we prove,

> u(drds) [~

is the exact count of the number of upper twin primes in the interval (py, N) with N

in the interval py < N <p2 . The variables and the sum symbol ) mean,

1.

2.

10.

N is an even natural number greater than 32.

pg is the largest prime less than /' NV,

. Pa+1 18 the next largest prime,

[x] is the greatest integer function,

. dy is the product of one or more elements of the set {2,3,...,pg} U {1}, where

2,3,5,...,py are consecutive primes.

. do is the product of one or more elements of the set {3,5...,pp} U {1} where

3,5,...,pg are consecutive primes That is ged(da,2) =1 or 2 4 do.

. ged(dy,dy) = 1.

. The sum is over all possible values of d; and ds.

p(d) is the Mobius function.

x1 is the least non-negative solution of the system of simultaneous linear con-
gruences,

x = 0(mod dy),z =2(mod dy)

This formula also counts the number 1 so we need to make that correction.

Using the formula we then prove there are an infinite number of twin prime pairs.
We do this by assuming there is a greatest twin prime pair and then obtaining a
contradiction.
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Chapter 1

Setting up and Heuristic Evidence

1.1 The Primod-py Number System

Notation 1. The symbol pg means the prime number 6 in order of magnitude. For
example, ps is the 5th prime number, namely 11.

The Primod—py number system, with py any prime number, is based on a different
concept to decimal and binary number systems. The primod number, or simply
primod, of a positive integer n is written as a b ¢ d ... where it is assumed the
consecutive prime numbers 2,3,5,7, ..., py are written from left to right across the top
of each digit which is calculated as the least non-negative value of = n( mod p) where
p < pg is the relevant prime. The term primod has been chosen as the abbreviated
combination of prime and modulus since each digit is calculated from the least non-
negative modulus of the integer to the respective prime.

Example 1. In the Primod-11 number system, the primod 1 2 4 6 9 is interpreted
as:
2 8 5 7 11
12 4 6 9
or the least non-negative (Inn) integer x that satisfies the system of simultaneous
CONGruUences :

x=1(mod 2), x=2(mod 3), x =4(mod 5), x=6(mod 7), x=9(mod 11)
or 2099 in decimal notation.

We shall refer to the digits of a primod as p-digits, e.g., the 2-digit of the primod
of the integer 5 is 1 and its 3-digit is 2. We note that the p-digit of any integer is one
of {0,1,...,p—1}. Thus the p—digits of 5 can only be one of {0,1,2,3,4}.

To get a better sense of the primod number system, let’s consider the Primod-11
number system, the set of primods of the integers n such that 1 <n <2x3x5x7x11.
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1.2. Notation and Definitions 5)

There are 2310 primods in this set. The primods of integers 1-171 are given in Table
1 below. The simple test for a number to be a prime is to show it is not divisible by
any prime less than its square root. Hence the shaded integers in Table 1 with no
0-digits that are less than 169 = 132, and not just 121 = 112, are all primes.

In general in the Primod-py number system all integers less than p2,, with no zero
p—digits are all primes, pg,; being the next largest prime to py.

The numbers 2,3,5,7,11 that “define” the Primod-11 number system are excluded
since they all have a zero digit occasioned by p = 0(mod p). They are, however,
primes. We call them the sieving primes.

1.2 Notation and Definitions

Notation 2. T'(py, N, M)

With reference to the Primod-pg number system, if N is any positive integer and M
any non-negative even integer, T(pg, N, M) will denote the number of non-negative
integers less than N with primods satisfying the condition that none of their p-digits
1s either 0 or the same as the corresponding p-digit of the primod of the integer M.

Definition 1. Twin primes
If q1,q2 are primes such that ga — q1 = 2 then we say (g2, q1) is a twin prime pair. We
say such a gs s an upper twin prime.

Our first goal is to develop a formula for counting the number of upper twin primes
in a given interval.

1.3 Primods with no p-digit equal to 0 or 2( mod p)

Let us now consider, still for the primod-11 number system and referencing Table 1,
primods with no p-digit equal to either 0 or 2, with p € {2,3,5,7,11}. We shall denote
these as the allowable primods.

The respective integers are among those highlighted in Table 1 and are the sets,

{1} u{19,31,43,61,73,103,109, 139, 151}

The single element in the first set is the number 1 which is not a prime. The second
set consists of the primods of integers greater than 2. The elements are the primods of
primes if the related integer is less than 169 and may or may not be primes otherwise.
Now the elements of the second set are the integers, ¢s, with allowable primods having
no p—digit equal to 0 or 2. Therefore the primod of the integer ¢; such that ¢; = g2 -2
cannot contain any p—digits equal to 0 so ¢; must be a prime and (g1, ¢2) is a twin
prime pair. For example 19 = 11458 and 19 — 2 = 12236 which is the primod of 17
which must be a prime and (17,19) a twin prime pair.
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1.3. Primods with no p-digit equal to 0 or 2(mod p) 7

Now if no p—digit can equal 0 or 2 then the 2—-digit of any integer can only be 2—1 =1
and each other p—digit can only have p — 2 values. There are therefore,

(2-1)x (3-2)x (5-2) x (7-2) x (11 -2) = 135

allowable primods in the Primod-11 number system that satisfy the specified condi-
tions.
Then, we predict there are,
2-1 3-2 5-2 7-2 11-2
T(11,169,2) ~ 169 ~ 10
(11,169,2)  —5= x 5= x 5= x = x —g— ’

primods of integers less than 169 satisfying the given conditions.
This includes the primod of the number 1, assigned to the first set above. In the
second set, the primods of the integers greater than 2, we would therefore expect
about 9 primes between 11 and 168 that are the larger members of a twin prime pair.
There are exactly 9, namely,

19,31,43,61,73,103,109, 139, 151
In other words there are 9 twin prime pairs between 11 and 169 inclusive, namely,
(17,19),(29,31), (41,43),(59,61), (71,73), (101, 103), (107,109), (137,139), (149, 151)

The easy extension of the above to the general case is given by,

2-1 3-2 5-2 7-2 11-2 DPo — 2
X

T(pg, N,2) » ) X 3 X 5 X - x 11 X p” x N
1\ & 2
) (-2)x
2 p=3 p

If we choose N : pg < N < p3,, where py and pg,; are successive primes, then
T(pg, N,2) — 1 is the predicted number of twin prime pairs with the upper prime
greater than py and less than V. Since T'(py, N,2) also counts the number 1, our goal
is to prove T'(pg, N,2) is always greater than 1.

Now, choosing N = p2,

1 1 1 -9
T(p97N;2)N—X—X§X§x3x_5..xp0 x N

273 5 7 11 1 Do

1 1.3 5 7 9 1 P-4 po-2
> S X o X o X DX o Xt X o X e X x 37

2°3°5 7 9 11 13 -2 pe
Lo

2

This predicts there are always many more than % twin prime pairs between py and

N = p2 where py is the largest prime less than /' V.



Chapter 2

Counting Allowable Primods

2.1 Finding the Upper Twin Primes

Twin primes are pairs of primes ¢y, g2 satisfying ¢s — ¢; = 2. In the primod—py number
system, any prime ¢o such that pg < g2 < p2,, is the upper twin of a twin prime pair
provided the primod of ¢o has no p—digit equal to 2 for p € {2,3,...,pg}, since if any
p—digit of g» equals 2, then the corresponding p-digit of ¢; is 0, meaning ¢; is not a
prime.

For example, the primod 1 1 2 5 8 may be the primod of a prime, having no zero
digits, but it cannot be the upper prime of a twin prime pair, since the lower member,
with primod 1 2 0 3 6 (after subtracting 2 from each p—digit,) has a 5-digit of 0 so
is divisible by 5.

Since T'(pg, N, 2) counts only primods with no p-digit equal to 0 or 2 then, for

po < N < pa,,, we have that T'(pg, N,2) is the count of the upper primes of all twin
prime pairs with upper primes less than N and greater than py.

We begin with finding the upper twin primes between 5 and 32.

Consider T'(5,32,2) in the Primod—5 number system, which is the count of the pri-
mods of upper members of twin prime pairs between 5 and 32. To identify the integers
with allowable primods, we need to sieve out the integers with primods having any
digits equal to either 0 or 2. That means we need to sieve out the integers x of any
of the forms,

x =0(mod 2),z = 0(mod 3),z =0(mod 5)

8
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as well as the numbers satisfying,
x =2(mod 2),z =2(mod 3),z = 2(mod 5)

We first note that the integers satisfying x = 0(mod 2) are the same as those sat-
isfying « = 2(mod 2) so we need to remove one of these conditions to avoid double
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counting or deletions. We omit x = 2(mod 2). Then the numbers we are deleting via
the sieve are:

r=0(mod 2): 2,2+2,2+2+2,...
r=0(mod 3): 3,3+3,3+3+3,...
r=0(mod 5): 5,5+5,5+5+5...
r=2(mod 3): 2,2+3,2+3+3,...
r=2(mod 5): 2,2+5,2+5+5...

A double Erasthosthenes type sieve can be set up to generate the allowable primods
with no p-digits equal to 0 or 2. In Table 2 above, the numbers 1 to 32 are placed
on the top row.
The first sieve, indicated by the numbers 2,3,5 in the first column removes all numbers
x such that,

x=0(mod 2), z=0(mod 3), x =0(mod5),

and we fill in each row with a “2”7 at 2,24-2,2+2+2,...Similarly for rows with 3 and 5.
This sieves out the number 1 as well as the integers between 1 and 32 with non-
allowable primods as indicated by the shaded squares on the A-row. We are left with
the set of primes between 5 and 32 as well as the number 1, namely

1,7,11,13,17,19, 23,29, 31

The second sieve, indicated by the numbers 3’ and 5’ in the first column, sieves out
all numbers x such that,

x =2(mod 3), namely 2,5,8, -
x =2(mod 5), namely 2,7,12, -

The numbers (which must also be primes) sieving through onto the bottom B-row
have primods with no p-digits equal to 0 or 2. With the exception of the num-
ber 1, they are the upper primes of the twin prime pairs between 5 and 32, namely
{13,19,31}.

2.2 Counting the Upper Twin Primes

Let us now count 7°(5,32,2) or the number of integers between 1 and 32 inclusive
with primods having no p-digit equal to 0 or 2, that is the number of upper twin
primes of a twin prime pair. We need Tables 3 and 4 below. Table 3 shows how we
set up the count.

We begin by taking a set of integers 1 to IV such as 1 to 32 and noting 5 is the greatest
prime less than /32, so we have the sieving primes 2,3,5. For the top row of numbers
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in Table 3 we note x = 0 is the least non-negative solution of the pair of simultanious
congruences,
z=0(mod 1), z=2(mod 1)

and each other solution is obtained by simply repeatedy adding 1.
The counting argument is we delete according to the products (including the number
1) of an odd number of the sieving primes and we replace according to an even number.
Hence we delete all z € {1,2,3...32} where x = 0(mod 2) but we express the first
deletion as the least non-negative solution to a pair of simultaneous congruences,
namely,

z =0(mod 2), z=2(mod 1)

Similarly we solve the systems,

z =0(mod 3), z=2(mod 1)
z =0(mod 5), z=2(mod 1)
x =2(mod 3), z=2(mod 1)
x =2(mod 5), z=2(mod 1)

The least non-negative solutions to these pairs of simultaneous congruences are given
in the z; column of Table 3.

We are solving systems of the form z = 0(mod d;), = =2(mod dy) with the values of
dy and dy given in the first two columns of Table 3.

We identify the locations of double deletions by solving,

z=0(mod 2), z =2(mod 3)
z =0(mod 2), z=2(mod 5)
x = 0(mod 3), x =2(mod 5)
z =0(mod 5), = =2(mod 3)

But we also have double deletions with respect to,

1. =0(mod 2), x =0(mod 3) < x =0(mod 2 x 3), z=2(mod 1)

( )
2. z=0(mod 2), z=0(mod 5) < 2 =0(mod 2x5), x=2(mod 1)
3. x=0(mod 3), z=0(mod 5) < x=0(mod 3x5), x=2(mod 1)
4. x=2(mod 3), z=2(mod 5) < z=0(mod 3x5), x=2(mod 1)

In each of the above we replace a pair of simultaneous congruences with an equivalent
pair, so we are always solving systems of the form = = 0(mod d;) and = = 2(mod d)
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d1 dg System T d1d2
z=0(mod dy) x=2(mod ds)
1 1 | 2=0(mod 1) = =2(mod 1) 0| 1
2 1 z=0(mod 2) z=2(mod 1) 0 2
3 1 z=0(mod 3) x=2(mod 1) 0| 3
1 3 z=0(mod 1) 2z =2(mod 3) 2 3
2x3 1 z=0(mod 6) x=2(mod 1) 0| 6
2 3 x=0(mod 2) z=2(mod 3) 2 6
5 1 x=0(mod 5) z=2(mod 1) 0 5
1 5 r=0(mod 1) z=2(mod 5) 2 5
2x5 1 | 2=0(mod 10) z=2(mod 1) 0| 10
2 5 z=0(mod 2) x=2(mod 5) 2 | 10
3 5 z=0(mod 3) x=2(mod 5) 12| 15
5 3 z=0(mod 5) x=2(mod 3) 5| 15
2x3 5 z=0(mod 6) x=2(mod 5) 12| 30
2x5 3 | x=0(mod 10) x=2(mod 3) 20 | 30
3x5H 1 | x=0(mod 15) x=2(mod 1) 0] 15
1 3x5 | x=0(mod 1) x=2(mod 15) 2 | 15
2x3x5| 1 |x=0(mod 30) x=2(mod 1) 0| 30
2 3x5 | z=0(mod 2) x=2(mod 15) 2 | 30

Table 3

with the complete set of (dy,ds) values given in the first two columns of Table 3.
Finally we have deletions due to,

z =0(mod 2), z=0(mod 3), x=0(mod 5) <> z=0(mod 2x3x5), z=2(mod 1)

The least non-negative solution of these 18 pairs of simultaneous congruences are
given in the x; column of Table 3.

We can summarize the above by saying we choose the product d; of one or more
elements of the set {2,3,5} u{1} and another product dy of one or more elements of
the set {3,5}u{1} with ged(d;,ds) = 1. We then solve all possible pairs of simultaneous
congruences of the form,

x=0(mod dy), x =2(mod dy)

to find the values of z;.

We now consider Table 4 where the z; and d;, dy values have been transferred from
Table 3. We are dealing with the same value, N = 32 and the same sieving primes
{2,3,5}. Table 4 has been set up as two top lines and then four “quartets” each
formed from a unique choice of d; and dy from products of one of more numbers
chosen from {1,3,5} with gcd(dy,ds) = 1.
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In each quartet we observe the rule that the product of an odd number of primes is
used for additions of +1’s and, in the same quartet the product of an even number of
primes is used for deletions via —1's.

The method of inserting +1s and —1's is to calculate the four values of z; given
by solving z = 0(mod d;) and = = 2(mod ds) for each choice of d; and dy and to
insert a +1 at the positions xq, x1 + dids, x1 + 2d1ds, ... where dydy is the product
of and odd number of primes for which we have additions and a —1 at the positions
X1, X1+ 2didy, x1 +4dyds, ... where dyds is the product of an even number of primes
for which we have deletions.

The SR column gives the Sum of the £1’s in each Row and its overall total in this
case is 4 which is the correct count of the number of upper twin primes between 5
and 32 as well as the number 1.

Utilizing the Mobius function we can conjecture that the number of +1’s or -1’s in
. 32— x4
each row is given by pu(dids) y

32—:51]

] and these results are shown in the column

headed p(dids) [
32 - T
dydy
same in this case, namely 4, that being the number of upper twin primes between 5
and 32 as well as the number 1.
32— T

While the overall sums of the p(dy, ds) [ 7

142

We note that the bottom line sums of the u(d;ds) [ ] and SR columns are the

] and SR columns are both 4, we note

32—1’1]

the sum SR of each individual row does not always equal u(dy,ds) [

9 _
sometimes p(dy,ds) [Sd d561] + 1.Thus the (dy,ds) rows of (3,1) and (1,3) are,
102
32-x
d1 d2 T d1d2 /L(dldg) [ 1] SR
dydy
31 11]0 3 -10 -10
11312 3 -10 -11

But we also have the (dy,dsy) rows of (2x 3,1) and (2,3) thus,

32 -z
d1 d2 T d1d2 [L(dldg) [ 1] SR
dyds
2x3 1110 6 5) 5
2 31 2 6 ) 6
32-1’1

Therefore the sum of this “quartet” of terms in Y u(dids) is the same as

102
the corresponding four SR sums, that is, -10-10+5+5=-10-11+5+6 = -10 and
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9_

hence each SR sum may be replaced by the corresponding pu(d;ds) 3d dxl] term.
102

This is true of the other 3 “quartets” formed from the (d;,ds) pairs (5,1), (3,5) and

(3x5,1).
Accordingly the number of upper primes of twin prime pairs is given by:

i 32-x
7(5.32.2) = Ynldids) | == |

We want to prove this is true in general for any larger even positive integer N replacing
32 and py replacing 5 where py is the largest prime less than v/ V.
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Counting Theorem

3.1 Quartets and expanded Table 4

In constructing Table 4 we began the data entries with the two rows for the (d;,ds)
pairs of (1,1) and (2,1). Thereafter whenever we introduced each of the succession of
sieving primes we generated sets of four rows, one set for 3, three more for 5.

Definition 2. We call these sets of four rows Quartets and note they all have the
same form of,

dy | do
1 T2
T2 1
27T1 o
21y | ™

where w1 and my are the products of integers chosen from {3,5}u{1} with ged(my,m) =
1 but excluding the (dy,dy) pairs of (1,1) and (2,1) which as noted above generated
the first two rows.

Specifically, in each quartet,

e the first row is formed from a unique selection of products of one or more ele-
ments of {1,3,5} to form d; and ds. (dy # 1.)
e the second row is formed by interchanging d; and d.

e the third row is formed from 2d; and d,.

e the fourth row is formed from 2d, and d;.

16
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Definition 3. For any combination of di and ds each chosen from the product of ele-
ments of the set of primes and 1, that is from {2,3,5,--,pa} U{1} with ged(dy,ds) =1
and 2 + dy, we define the term xy to be the solution of the system of linear congruences,

x =0(mod dy) x = 2(mod dy)

Notation 3. A quartet of rows in Table 4 can have four different values for x1 and
we will use the symbols o, B,7v,0 for these four values. In particular, with “least
non-negative” abbreviated to “Inn” we define,

1. « is the Inn solution of the system x = 0(mod d;), = = 2(mod ds)
2. [ is the Inn solution of the system x = 0(mod dy), = =2(mod d;)
3. v is the Inn solution of the system x = 0(mod 2d;), = =2(mod dy)
4. 0 is the Inn solution of the system x = 0(mod 2dy), = =2(mod d;)

In all subsequent Table-4 like Tables, we will always put each quartet of rows in the
above order. The four rows of each quartet in a table will be called the «, 3,~ and
d rows and the sum of the +1’s in each row will be referred to as SR(«), SR(5),
SR(7) and SR(0) respectively. We now expand Table 4 with more sieving primes.

Definition 4. When we introduce more sieving primes in the order 7,11,13,... we
need to construct an expanded Table 4. In general, when we introduce the pt" prime
we add 3P~ quartets of rows to Table 4 and we need to increase the numbered columns
from 1 to 32 to 1 to a new N such that the pt" prime is the largest prime less than
V/N. We call all of this an expanded Table 4.

Lemma 1. The p* sieving prime adds 3P~! quartets to an expanded Table 4.

Proof. We add the p** sieving prime to an expanded Table 4. We designate it as p.
The (dy,ds) pair of (p,1) gives the first quartet, the next p — 1 quartets have d; = p
times each of the preceding sieving primes and ds = 1 and so on. We have a total of:

=)L) G)
()0 0) ()
()0 07) G )

=orl 4 (p— 1)2”‘2 + (p— 1)2”‘3 +... (p - 1)20
1 2 p-1

=(2+1)P! = 37! quartets
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The headings of an expanded Table 4 conclude with columns for the integers 1 to N.
Obviously we cannot print the expansions of Table 4 as we add more and more sieving
primes from 7 to 11 to 13 and so on since the number of rows increases exponentially.
But we can visualize and generalize its simple structure. Indeed, for counting purposes
we only need to find the first and last terms in each row, the in-between values being
known from the constructions x1, x1 + d1d> and so on described above.

e The first data row, due to u(1), is simply N consecutive +1’s. From now on we
require N to be an even positive integer.

e The second data row begins with a -1 under 2 and then -1’s under 2+2, 2+2+2,
N
etc, the negative signs due to 1(2), giving a total of 5 ~1’s.
e Thereafter we have a series of quartets of rows as outlined above.

Our goal is to show the four sums of +1’s in each quartet can be replaced by the sum
N —

of four terms of the form p(d;ds) [ 7

didy

] with each z; as defined above.

The sum of four values of SR in a general quartet can be easily calculated as we shall
see but to get the grand total of all the SR’s we need the addition of the SR’s of,

4x(3%+3'+3%+...+ 3071

rows where py is prime number 6 in the ascending size of primes. This is too long an

addition for large 6 and hence the shift to the form p(d;ds) []\;—d$1]
1d2

But we note that the value of SR for each row in an expanded Table 4 gives an actual
count of the number of insertions and deletions and therefore the sum of the SRs is
an actual count of the number of upper twin primes in the (pg, N') interval.

We have the following setup for the main counting theorem:

1. N is a positive even integer in the interval (pg, p2,,) where,
2. pg is the largest prime less than VN and py,; is the next largest prime.

3. dy is the product of one or more elements of the set {2,3,...,pg} U {1} , where
2,3,...py are consecutive primes,

4. dy is the product of one or more elements of the set {3,...,pg} U {1} subject to
the conditions that ged(dy,ds) =1 and also ged(da,2) =1,

N—l’l

Our goal is to show ¥ u(didz) [W
1
to the sum of the SRs, therefore being a count of all the twin prime pairs in this

N —
interval and therefore we have T'(pg, N,2) = ¥ u(dyds) [ d dSU1 ]
1ds

] , with the sum limits to be defined, is equal
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3.2 Two lemmas and two corollaries

Here are four results we will need for what follows. We will deal separately with the
cases where d; =1 or dy = 1 so in what follows we always require d; # 1 and dy # 1.

Lemma 2.
For any quartet in an expanded Table 4 with di > 1 and dy > 1 and both a product of

odd primes, we have,
o+ 6 =2+ dldQ.

So one of o and B is odd and the other is even.

Proof.

By definition,

a is the least non-negative solution of the system = = 0(mod d;) and x = 2(mod d»),
B is the least non-negative solution of the system z = 0(mod dy) and = = 2(mod d;).
So from the definitions of o and [ we have for some a,b,c, e € Z*,

o =ad; =2+ bdy

B=cdy=2+ed;

= a+=2+bdy + cdy = 2(mod dy)
a+f=ady +2+ed; =2(mod dy)

Now since each prime number in both d; and dy divides o+ 3 — 2 then,
didala+ B -2 = a+ [ =2(mod didy) = a+ [ =2+kdidy, keZ*
Now o =ad; = a>2 since dy >3 and S =cdy = 5> 2 so
a+pB>4

Note, by the Chinese Remainder Theorem that all solutions of linear congruences
such as,

x =0(mod d;) and z = 2(mod d»)

are equal congruent modulo d;ds and therefore o as the least non-negative solution
is less than d;dy. The same applies to .
Now « < didy and (8 < didy makes a + 5 < 2d1dy. Hence

4<a+ B < 2d1d2
But a+ =2+ kdyds, hence k cannot be 0 or greater than 1. Accordingly,

Oé+522+d1d2
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Corollary 3.
2+ dds and the other is less than 2 +§1d2.

= 2a-2 > dydy and if a < B then 2a—2 < dyds.

One of a and B is greater than
2+ dldg

Accordingly, if a > 3 then o >

Lemma 4.

If o is odd then v = a+ dyds

If « is even then v = «.

The same relationship applies to B and 0.

Proof. Suppose « is odd. We have,

a=0(mod d;) = a =ady,a € Z* and we must have a odd since « is.
Also, a =2(mod dy) = o =2 + kds.

We want to show v = a + dydy where,

v = 0(mod 2d;), v=2(mod dy)

Now,
o+ dldg =2+ l{?dg + dldg = 2(m0d dg)

as is v. And,
a + dldg = ad1 + dldg = (CL + dg)dl

Now a is odd so a + ds is even, say a + dy = 2j. Then,
a+ didy = 2jdy = 0(mod 2d,)

as is . Hence,
Y=o+ dldg.
Kook K

Suppose « is even. Again note v = 0(mod 2d;) and v = 2(mod dy).
Now a = ad; makes a even. So we can write o = 2ad; = 0(mod 2d;). But together
with a = 2(mod ds), this is the definition of . O

Corollary 5.

"}/+5=2+2d1d2

Proof. From Lemma 2 one of «, 8 is odd and the other even.
So either v =« and § = 5 + dydy or vice versa. Hence, by Lemma 8,

7+5:a+5+d1d2=2+2d1d2
O

Using the terminology as above we will prove a series of lemmas which together
give us the proof of the following theorem.
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3.3 Main Counting Theorem

Theorem 6.
In the primod-py number system, the number of primods less than a non-negative,
even integer, N, with no p-digits equal to 0 or 2(mod p) is given by:

T(po, N,2) = ¥ ju(dds) []\Zh_djl]

where Y. 1s a sum where,
(a) pg is the largest prime less than \/ N,

(b) dy is the product of one or more elements of the set {2,3,...,pg} U{1l} , where
2,3,...pg are consecutive primes,

(c) dy is the product of one or more elements of the set {3,...,pg} U {1} so that
ged(dy,2) =1,

(d) ged(dy,dy) =1 or 2+ dy,

(e) the sum is over all possible values of di and dy,

(f) w is the Mobius function and [x] the greatest integer function,
(9) 1 is the least non negative solution of the system of equations

x =0(mod dy), = =2(mod ds)

Equivalently the number of upper primes of a twin prime pair between pg and N is
given by T'(pg, N,2) as defined above.

Proof.

Without actually showing it, since its size grows exponentially, we visualize expanded
Table 4s constructed by introducing successive primes into such Table 4s beginning
with 7, then 11, and so on up to py where py is the largest prime less than /N,
with N : py < N < p2,,. In each expanded Table 4 we need show only the first and
last terms in a row since the first term is that row’s x; and all the other terms are
r1+didy, x1+2d1ds, . .. for insertions or x1+2d ds, x1+4d1ds, . .. for deletions, stopping
if such an insertion/deletion exceeds N and giving the last term for that row.

It is simplist to think of N as pj < N < p7,, so that N is readjusted as new pjs are

introduced. First we show the SR sums and the p(d;ds) [ 1] values are the same

did
for the first two data rows in an expanded Table 4.
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3.3.1 First two rows

Lemma 7. In any expanded Table 4 the SR sum of the first row is N, the SR sum
N - T

dydy

of the second row is 5 and the corresponding values of M(dldg)[ ] are also

N
N and sy respectively.

Proof. As in Table 4, there will be a “1” placed under each of the integers 1 to
N making the sum of the first row SR = N. In this row, d; = dy =1 so x; =0
since it is the least non-negative solution of x = 0(mod 1) and x = 2(mod 1) so that

N-l’l
dqrd = N also.
()| ] = oo

For the second row there will be a “-1” placed under each even integer in the range 1
N

to N and since N is even, this SR = 5 In this row, d; =2 and dy = 1 so that x1 =0

N - T ] N

= —— also. O
0y 5 also

again and u(d;ds) [

3.3.2 Quartets with m, =1 and m; > 1.

Lemma 8. With reference to the general Definition 2 on page 16 of a quartet we put
m1 =7 and o = 1. For m a product of odd primes chosen from {3,5,7,...,ps} we have
the unique quartet,

dy | dy | didy M(dldQ) Ty
T | 1 ™ 1 0
1| s 1 2
2w | 1 2 -1 0
2 | m| 2n -1 2

Table 5: Quartets with m =1

where, since the choice does not matter, we choose p(mw) =1 and pu(2m) = =1. Then the
sum of the respective four values of SR in an expanded Table 4 equal the corresponding

N -
sum of the four values of u(dids) [ xl]
dydsy
Proof. Let m be a product of odd primes chosen from {3,5,7,...,py}.
The four values for x; in the final column of Table 5 are the solutions of the following
systems of linear congruences and we again label them «, 3,~,0 to distinguish them.

x=0(mod 7), x=2(mod 1) =>a=0
z=0(mod 1), z=2(mod ) = =2
r=0(mod 27), z=2(mod 1) =~=0
z=0(mod 2), z=2(mod 7) = § =2

There are 8 cases to consider. Note,



3.3. Main Counting Theorem 23

1. Each choice for N must be even so N cannot equal 7.

2. The cases N = km + [,k even, | < m are included in N = 2k7 + [ and the cases
N=Fkrn+1,k"oddin N =2kr+7m+ 1, k' =2k +1.

3. We have k, k' eZ*.
4. We have 7 > 3.

Case I: 2< N<m

Case 2: N=7+1

Case 3: N=7m+1[,3<l<m, [ odd (note 7 + 2 is an odd number).
Case 4: 7|N or N =2kw, keZ*

Case 5: N =2km +2 (note N =2km + 1 is an odd number).
Case 6: N =2kn+1, 2<l<m, [ even

Case 7: N =2km+m+1

Case 8: N=2km+m+1, 2<l<m, [ odd

We consider each of the 8 cases in turn.

Note each dy, ds choice is unique and connects the four SR values with the four great-

est integer values. In each quartet we align the four SR values with the four greatest

integer values by arbitrarily making the insertions into the o and g rows all +1’s and

the v and § rows all insertions of —1’s. Then the u(d;ds) for the first two rows we put

+1’s and for the last two rows we put —1’ since we are dealing with an extra prime,

namely 2, in u(2didy). Clearly we could reverse all this but the overall conclusion

as to whether the sums of the four SR rows and the four greatest integer terms are

equal or not would be the same.

We fill in each row of our unique quartet of an expanded Table 4 beginning with a

+1 at the position of its x; value and then further +1’s at the positions of successive

additions of d;ds for the o and § rows and at successive additions of 2d;ds for the

and d rows.

Each of the 8 tables below shows the position of the first entry and the last entry of

the relevant row in an expanded Table 4 at which they and the inbetween positions

we would put the +1 or -1, from which we calculate the SR values.

Note each last entry must be < V.

In the 8 cases calculated in Tables 6 to 13, the four x; values are a =0, = 2,

v=0,0=2.

The SR values are straightforward, being the number of entries between the first and

last entry on the respective row of an expanded Table 4.

The p(dyds) [ 7 dxl] values are calculated for each case. For convenience we choose
102

M(dldg) =1 and ,u(2d1d2) =-1.
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Case 1: 2< N<
We have, noting 7 > 3,

R s R Pl B S
dldg - ™ - d1d2 - s -
|:N—’y:|_|:<71':|_0 |:N—5:|_|:<(7T—2):|_O
2d1d2 - 2 - 2d1d2 - 27 -
. N -z
Row | dy | dy | didy | z1 | First entry | Last entry | SR | u(dida) [ ]
dids
o T |1 T 0 0 0 0 0
g l1 x| = |2 P P 1 0
v lon| 1] 2r |0 0 0 0 0
1) 2 s 2r 2 2 2 -1 0
Total 0 0

Table 6 - Case 1: 2< N< 7

We calculate the SR sums as follows. The possible entries on the o row where a =0
are at the positions 0, 0+ 7, 0+ 2m,... But with N < 7 we only have 0 as the first
and last entry position before N. Thus SR(«) = 0. The possible entries on the 5 row
where § =2 are at the positions 2, 2+, 2+ 2m,... but with N <7 we only have 2 as
the first and last entry position on the  row and thus SR(/) = 1. Note +1 and not
—1 since we are arbitrarily choosing the o and [ rows are additions.

The possible entries on the v row where v = 0 are at positions 0, 0+2dds, 0+4d;ds . ..
but with NV <7 we only have 0 as the first and last entry position, hence SR(7) = 0.
Finally the possible entry positions on the d row are at 2, 2+ 2d;ds,2 + 4d1dy, ...
but again with N <7 we only have 2 as the first and last insertion position, making
SR(0) =-1. Note it is -1 and not +1 since if the a and § rows are for additions then,
with 2 as an extra prime multiplying d,ds,, the v and ¢ rows are for deletions.
Similar arguments apply to all the other Cases and Cases 2 and 3 are presented with-
out further comment.

Case 2: N=7m+1

ez el R el M el B
N - N-§ _
[Zdle]z[WQ:Tl]:O [ledQ]:[WJFQiT 2]:0
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N
Row | dy | dy | didy | z1 | First entry | Last entry | SR /L(dldg)[ 7 xl]

1ds
« T |1 s 0 s T 1 1
153 1 |7 T 2 2 2 1 0
vy | 2r| 1] 27 | O 0 0 0 0
1) 2 ™ 2 2 2 2 -1 0
Total 1 1
Table 7 - Case 2: N=mw+1
Case 3: N=nw+1[,3<l<m
[N—a]_[ﬂ'+l:|_1 I:N—ﬁ]_[ﬂ'-i-l—Q]_l
d1d2 ™ d1d2 m
|:N—’y:|_|:7r+l:|_0 |:N—5]_|:7r—2+l]_0

2d1d2 - 2m N 2d1d2 - 21 -

. N -z,

Row | dy | dy | didy | zy | First entry | Last entry | SR M(dldg)[ 74 ]

102

« T |1 s 0 T T 1 1
I} 1|7 m 2 2 T+ 2 2 1
v 2r | 1| 27 | O 0 0 0 0
20 2 ™ 2T 2 2 2 -1 0
Total 2 2

Table 8 - Case 3: N=n+1, 3<l<w

Here are some comments on Case 4, the arguments for Cases 5 to 8 are similar.
The possible entry positions on the o row where a = 0 are 0, w, 27m,...,2kw =
N so SR(«) = 2km. The possible entry positions on the § row where 5 = 2 are
2, m+2, 2n+2,...,(2k-1)m + 2, 2kr +2,.... Noting (2k — 1)m + 2 is the last entry
less than N = 2k7 then SR(S) = 2k. The possible entry positions on the v row where
v=0are0, 2w, 47, ... k(2m) = N so SR(~) = —k. Finally the possible entry positions
on the 0 row where § =2 are 2, 2r+2, 47 +2, ..., (k-1)27+2 so SR(J) = -k. Note
27 is much larger than 2 so (k—1)27 +2 < N = 2k7 but 2kr +2 > N = 2km.

Case 4: w|N or N =2km, keZ*

N-al [2kn N-B1 [2kr-2
= =2k = =2k-1
[ dyds ] [ m [ didy ] [ T ]
[N—v]z[%w]:k [N—5]=[2k7r—2]=k_1
2d1d2 2 2d1d2 2w
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Row | dy | dy | didy | xy | First entry | Last entry | SR | p(dids) []\;_dxl]
1d2
« T |1 s 0 T 2km 2k 2k
I¢] 17| 7 2 2 2+ (2k -1 | 2k 2k -1
vy |20 | 1| 2¢7 | O 2m 2km -k -k
] 2 | 7| 2 | 2 2 2+(k-1)2n | -k -(k-1)
Total 2k 2k
Table 9 - Case 4: N =2knw, keZ*
Case b: N =2km+2
N - 2k + 2 N - 2k
N S R b R B
didy T dids T
|:N—’y:|_|:2k‘ﬂ'+21|_ [N_é]—[zkﬂ]—k‘
2d1d2 - 2 - 2d1d2 - 2w -
. N -z,
Row | di | dy | didy | 21 | First entry | Last entry SR w(drda) [ 7d ]
102
« 1 T 0 T 2km 2k 2k
g 1w | m |2 2 242k | (2k+1) 2k
y | 20| 1] 270 | O 2m 2km -k -k
] 2 | 7| 21 | 2 2 2+2kn | —(k+1) -k
Total 2k 2k
Table 10 - Case 5: N =2kmw + 2
Case 6: N =2km+1, 2<l<m
N - 2km +1 N - 2km+1-2
N Sl Rl R R
d1d2 ™ dldg m
|:N—’y:|_[2k‘7r+l:|_k |:N—5:|_[2kﬁ+l—2]_k
2d1d2 - 2T - 2d1d2 - 2T -
. N - T
Row | dy | dy | didy | z1 | First entry | Last entry SR u(dyds) [ 74 ]
1da
« 1 T 0 T 2km 2k 2k
g l1 x| « |2 2 2+ 2%k | (2k+1) 2%
vy | 20| 1] 27 | O 2m 2k -k -k
4] 2 | 7| 21 | 2 2 242k | —(k+1) -k
Total 2k 2k

Table 11 - Case 6: N =2km+1, 2<l<m
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Case 7: N=2kr+m+1

[N—a]:[%w+7r+1]:2k+1 [N—B]Z[ka+7r+1—2]:2k
dydy ™ dids s
[N—y‘_[2k7r+7r+l]_ [N—é]_[2k7r+7r+1—2]_k
ledg_ - 27 - 2d1d2 - 2 -
Row | dy | do | didy | x1 | First entry | Last entry SR w(dids) [N — $1]
dyds
a |7 | 1| 7 |0 T (2k+1D)m | (2k+1) (2k+1)
15} 1 |7 m 2 2 2+ 2km (2k+1) 2k
vy |27 | 1] 27 | O 2r 2km -k -k
) 2 | 7w | 27 | 2 2 2+2kr | -(k+1) -k
Total (2k+1) (2k+1)
Table 12 - Case 7: N =2km+7+1
Case 8 N =2km+7m+1, 2<l<m
[N—a]:[2k7r+7r+l]:2k+1 [N—B]:[ler+7r+l—2]:2k+1
didy ™ dids T
[N—fy]_[2k7r+7r+l]_ [N—é]_[%w+7r+l—2]_k
2d1d2 - 27 - 2d1d2 - 2m -
. N -,
Row | dy | dy | dids | xy | First entry | Last entry SR M(dldg)[ 74 ]
102
a |7 | 1] 7@ [0 i 2k+1)m | (2k+1) (2k+1)
g 1 |nm| @ |2 2 2+ (2k+ )7 | (2k+2) (2k+1)
v |2 | 1| 270 | O 2w 2km -k -k
o 2 | 7| 27 | 2 2 2+ 2km -(k+1) -k
Total (2k +2) (2k +2)

Table 13 - Case 8: N =2kn+7m+1, 2<l<m

The Lemma is proved. In all eight cases of the specified quartets, the sum of the
respective four values of SR in the expanded Table 4 equal the corresponding sum of

N - T
dydy

the four values of p(dids) [

|

All the other quartets in an expanded Table 4 have d; and ds both greater than 1.
In general we choose from the primes {3,5,...ps}, a product of odd primes for d;
which we label d; = [T" p; and a different product of odd primes for d, which we label
ds = [1" ¢; and note no ¢; is the same as any p; or ged(dy,ds) = 1. Then the general

quartet will be formed thus,
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dq dy dids
Tp | T'qg; | IT'pill" g
Mg |Tp | [I'p 1 g
20T ps | 17 q; | 21T i [17 g5
20T q; | [T ps | 21T i [T g4

Table 14: General Quartet

We again label the four corresponding values of z; as,

a: the least non negative solution of x = 0(mod [1"p;) and x =2(mod [T"¢;)
: the least non negative solution of z = 0(mod []"¢;) and z = 2(mod []" p;)
7: the least non negative solution of x = 0(mod 2[]" p;) and = 2(mod []" ¢;)
d: the least non negative solution of z = 0(mod 2[]"¢;) and x = 2(mod []" p;)

Having dealt with the first two data lines and all quartets with d; =1 or dy = 1
in expanded Table 4s, we can analyze all the other quartets in an expanded Table
4 by noting either « = N, a > N or a < N. We note that NV and « are independent
of one another and that the values of 5,7 and ¢ are derived from the values of d;
and dsy that give «, so the four of them are related as shown in Lemmas 2 and 4 and
Corollaries 3 and 5. Note also that both o and S are less than their respective d;ds
and therefore sois a-fifa>p or f-aif > a.

3.3.3 Quartets with a= .

Lemma 9. For those quartets with o« = N the sum of the respective four values
of SR in an expanded Table 7 equal the sum of the corresponding four values of

N-J?l
“(dld”[ drds ]

Proof. Since N is even we have o =~ = N. There are two cases,
Case 1: a=N,6< N

Case 2 a=N,>N

Note since a + 3 = 2 + dyd and d;ds is odd, we cannot have o = 3.

Case 1: a=N,B< N

By Lemma 4, v = a = N since N and therefore o are even. And we have 0 = 3 + dyd»
since 8 must be odd.

We have SR(a) =1 since a = N is counted but « + dyds > N is not.

Similarly SR(y) = -1.

We are given < N but both are less than d;dy since « is, so N — 8 < dyds. Then
S +didy > N making SR(f) = 1.
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By the same argument ¢ = § + dyds > N so SR(4) = 0. Finally,

N -« N -~
-0 -0
[d1d2 ] [ledQ]
N-p
N—6>OandN—ﬁ<d1d2=»0<N—B<d1d2$[d ]=0
1

—d1d2<N—ﬁ—d1d2<O:>[N_6]

2dydy
giving Table 15 for Case 1 below. The Total given in the final column of each Table

of Case 1 and Case 2 is the sum of the entries in the last two columns, that is of the
four greatest integer calculations. This will apply to all future cases.

1 First entry | Last entry | SR | u(dids) []\;;djl ] 1(2d1ds) [];[d;;; ]
«@ « « 1 0
B B B 1 0
Y g g -1 0
1) 0 0 1
Total 1 1

Table 15 - Case 1: a=N,8< N
Case 2: a=N, >N

We have v =« = N since N and therefore o are both even. And we have § = 8 + dds
since 8 must be odd. Then,

N -« N -~
-0 -0
[ d1d2 ] [2d1d2]
N-87_
N—B<Oandﬁ—N<d1d2:>—d1d2<N—B<0:> 7d =—-1
102
N -9
~2dyds < N - B~ dids < ~drd -1
1d2 < B —didy < 12:}[2d1d2]
giving the Table for Case 2 below.
1 First entry | Last entry | SR | u(dids) []\:];ijl] 1(2d1ds) [];[d;zl]
o @ @ 1 0
B 0 0 -1
Y Y Y -1
) 0 0 0 1
Total 0

Table 16 - Case 2: a=N, >N

The Lemma is proved. In both cases the sum of the respective four SR of such
quartets in an expanded Table 4 equal the corresponding sum of the four values of

N-.%l
did ) OJ
()| |
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3.3.4 Quartets with a> N.

Lemma 10. For those quartets with o« > N the sum of the respective four values
of SR in an expanded Tablej equal the sum of the corresponding four values of

N—[L'1
did
s 2)[ didy ]

Proof.
In any quartet there are four possibilities or cases for oo > V.

Case 1: a> N, >N, «a even, 8 odd
Case 2: a> N, f< N, «a even, 8 odd
Case 3: a> N, >N, « odd,  even
Case 4: a> N, <N, « odd, B even

Note a < didy and a > N means we also have N < dyds.

Case 1: a> N, 8> N, «a even, 8 odd
We have v = a and § = 8 + dyds so all four of «, 3,7,0 are greater then N and there
will be no entries in the rows of an expanded Table 4 corresponding to this quartet
so that the four SR sums are all zero.
Since «« > N then both are less than dids and so is their difference and we have

N -
—dide < N —a <0 so that [ &]:—1.

dydy
N -
Similarly —d;dy < N - <0 = [ B] =-1.
dydy
N -
Since v = « then [Zdle] =-1.
N -0
Finally, —d1d2 <N - ﬁ <0=> —2d1d2 <N-6< —d1d2 = [m] =-1.
1642
Hence we have,
x1 First entry | Last entry | SR | u(didz) []\;;djl] w(2d1ds) [];szdz;]
@ 0 0 0 -1
B 0 0 0 -1
v 0 0 0 1
0 0 0 0 1
Total 0 0

Table 17 - Case 1: aa> N, B < N, a even, 8 odd

Case 2: a> N, <N, «a even, 3 odd

We have 7 = a so o,y are greater then N and the values in the o and v rows are the
same as in Case 1.

Now a < didy and 8 < didy so o — 8 < dydy = o < B+ dydy = 6 so there are no entries
on the  row.

However, $ < N means there is an entry in the S row on an expanded Table 4 but no
entry in any of the other three rows, giving the four SR values of 0,1,0,0 respectively.
Since o« > N then both are less than didy and so is their difference and we have
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N - N -
—dido < N-a<0=-1< CY<Osothaut[ a]z—l.
N 102 didy
. -7
S =« th =-1.
ince v = a then [2d1d2]
N -
Since both N and S are less than dyds then 0 < N — 5 < dyds so [ 7 dﬁ] =0.
102
N-0
Finally 0 < N = f < dydy = —d1dy < N -6 <0 so [Qd y ] = -1. Hence we have,
102
N- N-
1 First entry | Last entry | SR u(dldg)[ dldjl] u(?dldg)[ Zdlczl]
«@ 0 0 0 -1
B B B 1 0
ol 0 0 0 1
1) 0 0 0 1
Total 1 1
Table 18 - Case 2: a> N, B <N, «a even, odd
Case 3: a> N, >N, « odd, 5 even
Since @ > N, 8> N then SR(«) = SR(S) = 0.
Since v = a + dydy then v > N so SR(~) =0.
Since ¢ = 3 then 6 > N so SR(J) = 0.
Since o > N then both are less than d;dy and —didy < N —a <0
- . N -«
=-1< < 0 making ] =-1.
2 dyidy N N
Similarly, —dido < N - <0=-1< 5 < 0 making [ _6] =-1.
dids dids
N -
Since v = a + dyds then —dydo < N —a <0 = -2dydy < N —v < =dydy = [2d dv] =-1.
102
1 N-¢ N-06
Since 6 = § we have —d1dy < N -6 <0 = -3 < 20 d, < 0 making [ledg] =-1.
We have,
T First entry | Last entry | SR | u(dids) []\;Idjl] 1(2d1ds) [];[d:;;]
a 0 0 0 -1
B 0 0 0 -1
¥ 0 0 0 1
0 0 0 0 1
Total 0 0

Case 4: a> N, <N, « odd, 3 even
v =a+didy and 6 = § so «, are greater then N with each SR = 0 while

We have

31

Table 19 - Case 3: a> N, >N, a odd, B even

f<N=SR(S)=1and SR(J) =-1.

Since a > NN, then as in Case 3, [

e

dydy

|-
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N -
Since v = a + dydy then as for Case 3, [ 7] =-1.

2d1do
Since § < N then N - is a positive number less than dids so 0 < N — 8 < dydy =
N -
[ P ] ~0.
dyds
. N-9§
Smceézﬁthen0<N—5<d1d2:>[ ]:()also.
2dds
x1 First terms | Last term | SR | p(dids) [A([il_dzl] w(2dydz) [];fd_lczl]
@ 0 0 0 -1
B B B 1 0
ol 0 0 0 1
é 0 0 -1 0
Total 0 0

Table20 - Case 4: a> N, S < N, « odd, 3 even

The Lemma is proved. In all quartets in an expanded Table 4 where a > N, the

N —
four SR sums add to the same value as the two p(dids) [ 7 dxl] values plus the two
1d2
N -
,u(2d1d2)[ lej;] values. O

3.3.5 Quartets with a < N.

Lemma 11. For those quartets with o < N the sum of the respective four values
of SR in an expanded Table 4 equal the sum of the corresponding four values of

N—I‘l
dd
p(cl 2)[ dyds ]

Proof. There are 19 cases to consider, most with an A and B option.

Note each choice for N must be even.

Note the cases N = kdyds + [,k even are included in N = 2kd;d, + [ and the cases
N = FK'didy + k" odd in N = 2kdydy + d1dy + | where k' = 2k + 1. In Cases 10 to 19
k>1, keZ

Case 1: N-a=1, [ <didy,a> 3, even so [ is even.

Case 2: N-a =1, [ <didy,a< 3, even so [ is even.

Case 3: N-a =1, I <didy,a> 3, odd so [ is odd.

Case 4: N-a =1, I <didy,a < 3, 0odd so [ is odd.

Case b: N —a = dydsy, so « is odd.

Case 6: N —a=didy+1, l <dydy, 0 > 3,0 even so [ is odd.
Case 7: N—-a=didy+1, | <dydy, a0 < 3,cx even so [ is odd.
Case 8 N -a=didy+1, | <dydy, 0> 3, odd so [ is even.
Case 9: N-a=didy+1, | <dydy, a0 < 3, odd so [ is even.

Case 10: N —a =2kdydy, a even, a > f3
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Case 11: N — «a =2kd dy, a even, 3> «

Case 12: N —a =2kdidy +1, | <didy,a,l even, a> 3

Case 13: N —a =2kdydy +1, | <didy,a,l even, B>«

Case 14: N —«a =2kdydy +1, | < dyds, 0,1 odd, o> 3

Case 15: N —«a =2kdydy +1, [ <dyds, 0,1 0odd, B>«

Case 16: N —a =2kd dy + dids + 1, 1 < dydo, 1, odd, o even, a > 3
Case 17: N —a =2kdydy + didy + 1, | < dyidsy,l odd, o even, > «
Case 18: N —a =2kdydy + didy + 1, | <dyidsy,l even, a odd, o > f3
Case 19: N —«a =2kdydy + dids + 1, | < didsy,l even, a odd, > «

Note 1. Note a > [ generates a chain of inequalities such as
b<a<f+didy<a+didy<B+2didsy, - since a < didy and [ < dydy makes

a— [ <didy or a < +didy and so on.

Note also when counting for SR(y) and SR(§) the counted terms are of the form
v, Y+2didy, y+4dids, ... and similarly for the 0 row, thus terms of the form v+ dds
or 0 +dyds are not counted in the SRs.

N -
However, for example, the chain v+ dydy < N <7+ 2d,dy does make [Qd d’y] =0.
102

Case 1: N-a=1, [ <didy,a> 3, even.
Since a — 8 < dids and [ < dydy then oo — 3 < dydy — 1 and a— 3 > dydy — | are both
possible making N < 8+ dydy or N > 3 + dids which gives us Cases 1A and 1B.

Case 1A: N-a =1, I <didy,a> [, even, N — 3 < dids
We have v =, d = 8+ dyds and the chain,

ﬁzé—dldQ<Oé=’)/<N=O(+lS<6+d1d2:(5<05+d1d2=”}/+d1d2

from which, SR(a) =1, SR(S) =1, SR(y) = -1, SR(4) = 0 can be entered in the
Table below. Then,

FraRErR )= 5] =
didy | Ldydy] 7 didy | L 2dids |

From the chain above we have the subchains,

N-p
dydy

@<Ng5+d1d2=>[

]:0, 5—d1d2<N5=>[N_5]—1

2dyds

All of these results have been entered in the Table below, the signs on the entries in
the v and 0 rows being changed as discussed above.
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x1 First entry | Last entry | SR | u(dids) []\;;djl ] w(2d1ds) [];fd;zl ]
« o o 1 0
B B B 1 0
v Y Y -1
0 0 0 0 1
Total 1 1

Table 21 - Case 1A: N-a =1, [ <dids, a even, a> 3, N — 3 < dydo

Case 1B: N -a =1, l<didy,a> 3, cx even, N — 3 > dyd»
We have the chain,

ﬁ<0&27<ﬁ+d1d2:(5SN:Oé+l<Oé+d1d2:’}/+d1d2<6+2d1d2:(5+d1d2

giving SR(a) =1, SR(B) =2, SR(y) =-1, SR($) =-1.

. N -« [ . N -~
A = = O d = = 0
st [ didy ] [dldz] and smee =4, [2d1d2]
From the chain above we have,

N - N-9
6+d1d2§N<ﬁ+2d1d2:>|: 6]:1, 53N<5+d1d2:>|: :IZO

dldg d1d2

1 First entry | Last entry | SR | u(dids) []\le_djl] w(2d1ds) [];]d:;;]

« a o 1

B B B+ dids 2 1

v ¥ ¥ -1 0

1 1) 1) -1

Total 1 1

Table 22 - Case 1B: N —«a =1,l<dyds, a even, a> 3, N — 3 > did>

Case 2: N—-a =1, l<didy,a < 3, even.

It is not possible for N — 3 > dids since with a < 8 that would make N — a > did»
contradicting N —a =1, <dydy. So N — 3 < dyds.

But we have two possibilities for the position of 5 on its row, either 5 < N =« +1 or
B> N =a+l giving Cases 2A and 2B below.

Case 2A: N-«a =1, I <didy,a < B, even, < N
We have the chain,

O,/:’)/<6:(5—d1d2<N:O{+l<a+d1d2<6+d1d2=(5
Then SR(a) =1, SR(B) =1, SR(y) =-1, SR(J) =0 and,

G- laale [l
dids | ldydy] 7 2didy | L 2dydy |
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N-3 N-§
<N <B+did =0, O0-dida<N<$ =
B 5 12:>[d1 ] ) 102 3[2d1d2]
T First entry | Last entry | SR | u(dids) []\;;djl ] 1(2d1ds) []Zd:;; ]
« a « 1 0
B B B 1 0
v v o -1 0
1) 0 0 0 1
Total 1 1

Table 23 - Case 2A: < N, N-«a=1, I <dyds, a even, a >, N - <dids

Case 2B: N-«a =1, | <dydy, a0 < 3, even, > N
We have the chain,

B—dldQ:5—2d1d2<O./:’7<N=Oé+l<5<5:6+d1d2
Then SR(«a) =1, SR(5) =0, SR(vy) =-1, SR(4) =0 and,

G llaale Gaal- el
didy | Ldyda] 2dvdy | | 2dvdy ]
N -3 N-§
—didy < N =-1, 0-2dida <N <§ =

B 102 < <ﬁ:_d1d2] ) 102 < IV < :>|:2d1d2]

1 First entry | Last entry | SR | u(dids) []\;;dil] 1(2d1ds) [];Td:;;]

o' « « 1 0

B B B 0 -1

v v o -1 0

1) 0 0 0 1

Total 0 0

Table 24 - Case 2B: 8> N, N —a =1,l<didy, a even, a> 3, N — 3 < d1ds

Case 3: N-a=1, I <dydy,x > 3, odd.

As for Case 1 there are two options for 5 we label 3A and 3B.

Case 3A: N—Oé:l, l<d1d2,0&>ﬁ,0¢ Odd, N—ﬁﬁdldg
We have § = 5, v =a+didy and,

ﬁ=5<0é=’)/—d1d2<N:Oé+lﬁﬁ+d1d2=5+d1d2<06+d1d2:’}/
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Then, SR(«a) =1, SR(8) =1, SR(vy) =0, SR(J) =-1.

E¥all
dids | Ldids

5<Nsﬁ+d1d2:>[ -

N-§

162

]:0, 7—d1d2<N<7=>[N

]:0 (5<N<6+d1d2:>[

-1,
2d1d2]

N—(S] B
2didy |

z1 First entry | Last entry | SR ,u(d1 d2) []\(fild:l ] H(le d2) [];fdlczl ]
« @ o 1 0
8 8 8 1 0
v 0 0 0 |
5 5 g -1
Total 1 L

Table 25 - Case 3A: N —a =1,l<dids, a odd, « > 3, N - B < dyds

Case 3B: N-«a =1, l <didy,a> 3,x odd, N — 3 > dyds
We have the chain,
B=0<a=vy-didy < B +didy=0+dydy
SN=a+l<a+didy =7y < [+2didy =6+ 2d1ds
Then, SR(«a) =1, SR(S) =2, SR(y) =0, SR(6) =-1.

Erall
dids | Ldids

5+d1d2<N<ﬁ+2d1d2=>|:

B

]=0, ’y—d1d2<N<7z[N

-7
=-1
2d1d2]

]:1 6<N<5+d1d2:>[N_5]:0

dq 2d,ds
N - N -
T First entry | Last entry | SR | p(dids) [ dldjl] w(2d1ds) [ 2d1;21]
« «@ «@ 1 0
B B B +didy 2 1
5 0 0 0 1
1) 0 0 -1 0
Total 2 2

Table 26 - Case 3B: N —a=1,l<dids, « odd, a> 3, N - 3 > dyds

Case 4: N-a=1I, [ <didy,a < B,a odd.

Again it is not possible for N — 3 > dyd, since that would make N — «a > dids, so
we must have N — 8 < dyds and then two chains depending on the positioning of j.
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Case 4A: N-a =1, | <didy,a< B,a0dd, <N
We have the first chain,

Ctz’y—dldQ</3:5SN:OZ+Z<Oé+d1dQ=’y<ﬁ+d1d2:5+d1d2

Then, SR(a) =1, SR(8) =1, SR(v) =0, SR(J) = -1, and,

N -« [ N-3
= =0 <N did =0
i laale sevesan= |20
N -~ N-¢6
~didy < N -1 §<N<d-dd .
7Tz s <7:>[2d1d2] 7 =S ! 2:[2d1d2] 0
1 First entry | Last entry | SR M(dldz)[]\;:djl] u(2d1dg)[];[d:;;]
« « « 1 0
B B B 1 0
ol 0 0 0 1
1) 1) 1 -1
Total 1 1
Table 27 - Case 4A: S < N,N —a =1,l <dyde, o odd, a < 5, N — B < d1do
Case 4B: N -a =1, Il <didy,a< B,c odd, B> N
We have the second chain,
ﬁ—dldgzé—dldg<a=’y—d1d2<N:a+l§5=(5<a+d1d2:’}/
Then, SR(a) =1, SR(B) =0, SR(y) =0, SR(d) =0, and,
N -« l N-03
= =0 —dydy < N < =-1
[ laglo sradenes= |20
N -~ N-9§
—didy < N =-1 d—didy <N <6 = -
7T hds <7:>[2d1d2] ’ 1= s 3[2d1d2]
1 First entry | Last entry | SR u(dldz)[]\;l_d':l] M(Zdldg)[];]d;;;l]
@ «@ «@ 1 0
B B B 0 -1
¥ 0 0 0 1
1) 1) é 0 1
Total 1 1

Table 28 - Case 4B: > N,N —a =1,l <dids, « odd, a < 3, N — 3 < did>
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Case b: N —«a =ddy

We must have a odd since N is even and dids is odd. So v = a + didy and = 5.
There are two options for 3,5 > a or < a.

Case BA: N —a =didy, f<a so N — 3> dids,
We have the SR values in the Table from the chain,

B:(5<Oé=’7—d1d2<ﬂ+d1d2=5+d1d2<N:Oé+d1d2:’y<ﬁ+2d1d2=5+2d1d2

and,
N -« N -
[dldg]:L 6+d1d2<N<ﬁ+2d1d2:>[dldf]:l
N-~41 [N-N N-6
- =0, S+dydy< N <3+2dyd [ ]:o
[2d1d2_ [ledg] i DT
1 First entry | Last entry | SR | u(dids) []\c[l:dzl] w(2d1ds) [];]d:;;]
« « a+dids 2 1
B B B +dids 2 1
v v v -1 0
1 1) 1) -1 0
Total 2 2
Table 29 - Case 5A: N —a =dyds, B <«
Case 5B: N —a =didy, 8> a so N - 3 < dids.
We have,
Oé<ﬁ=(5<N=Oé+d1d2:’}/<5+d1d2=(5+d1d2
N -« N-p3
=1 N dyd =0
[ |1 pevesraa= |07
N-~1 [N-N N-6
S IR L L1
[2d1d2] [ 2d,d ] DR DA
1 First entry | Last entry | SR | u(dids) []\le_djl] w(2d1ds) [];]d:;;]
« « a+dids 2 1
B B B 1
v ¥ ¥ -1 0
) 1) 1) -1 0
Total 1 1

Table 27 - Case 5B: N —«a =dyds, 8 > «
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Case 6: N —a=didy+1, | <dydy, a even, a>f3

There are two options for f since a — 3 < dydy — 1 and a— 8 > dyds — | can both
be true. So both 5+ 2d1dy > N = a+ dids + 1 and 8+ 2dids < N = o+ dydy + [ can be

true.

Case 6A: N —a=didy+1, I <didy, a even, a> 3, f+2dydy < N
We have,

B<Oé:’7<5+d1d2:(S<Oé+d1d2=’}/+d1d2<B+2d1d2:(5+d1dQSN=Oé+d1d2+l
<Oé+2d1d2:’}/+2d1d2<5+3d1d2:6+2d1d2

N-«a d1d2+l:| [N—ﬁ]
= =1 2dyds < N 3dyd =2
[d1d2] [ dydy ) B +2dydy < N < B+ 3dydy = dids
N—’}/ d1d2+l:| I:N_(;:I
= =0 0 +dydy < N <6+ 2dyd =
[2dld2] [2d1d2 | R ET
z1 | First entry | Last entry | SR | p(dida) []\;;djl] w(2dyds) [];[d;;;]
«@ « o +dids 2 1
B p B+2didy | 3
gl gl gl -1 0
5 ) 5 -1 0
Total 3 3

Table 30 - Case 6A: N —a =dids + 1, even, a> 3, 5+ 2dids < N.

Case 6B: N —a=dids +1, I <didy, a even, a> 3, 5+ 2didy > N.
We have,

5<Oé=’7<ﬁ+d1d2=5<04+d1d2=’}/+d1d2<N
Sﬂ+2d1d2=5+d1d2<04+2d1d2=")/+2d1d2<(5+2d1d2

N -« d1d2+l] [N—ﬁ]

= =1 didy < N 2d.d =1
[dldz] [d1d2 » Prad <N <fr2didy =700
N—’)/ d1d2+l:| |:N—(5:|

= :0 5 N (5 dd =0
[2d1d2] [2d1d2 ’ DRI DY)



40

Chapter 3. Counting Theorem

x1 First entry | Last entry | SR | u(dids) []\illdjl] w(2d1ds) [];fdlczl]
« « o+ dids 2 1
B Jé] B +dids 2 1
v v v -1 0
0 0 0 -1 0
Total 2 2

Table 31 - Case 6B: N —a =dids +1,a even, a> 3, B+ 2dids > N

Case 7: N-a=didy+1, l<dyds, o even, a<f

There are two options for g since -« < dydy -1 and B — « > dids — | can both

be true. Acccordingly N < 8+ dydy or N > 3+ dyds.

Case TA: N-a=dydy+1, | <didy, o even, a< 3, N - [ <ddsy

We have,

Oé=’y<6:(5—d1d2<06+d1d2:’}/+d1d2<N=Oz+d1d2+lﬁﬁ+d1d2:(5

N -« d1d2+l] |:N—6:|
= = 1 N d d = O
[dldg] | v R Al g >
N -~ d1d2+l] [N—(S]
= =0 0—didy < N<d =-1
[2d1d2] | 2dvdy |7 R
1 First entry | Last entry | SR /L(dldQ)I:]\;_dxl] M(ledg)[];fd_jl]
1d2 1d2
« «@ a+dids 2 1
B B B 1 0
v v v -1 0
13 0 0 0 1
Total 2 2

Table 32 - Case TA: N —a =didy +1, a even, a< B, N -[<dds

Case TB: N —a=didy +1, l <didy, o even, a <, N - >dids

We have,

a=v<fB<a+didy=y+dydy < f+didy =0 <N =a+didy+1

< Oé+2d1d2 = ’}/+2d1d2 < ﬁ+2d1d2 = (5+d1d2
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N - N -
a+d1d2£N<a+2d1d2:>[ a]:l, 6+d1d2<N<B+2d1d2:>[ B]:l
dl 2 d1d2
N -~ N-0
dids < N 2dd =0 0<N<d+did =0
Yt aids <7+ 12:'[2d1d2] 5 <V < +12:’[2d1d2]
1 First entry | Last entry | SR M(d1d2)[]\;1_d:1] M(ledQ)[];d:;;]
a a a+dids 2 1
B B B+ dids 2 1
¥ v v -1 0
5 ) 0 -1 0
Total 2 2
Table 33 - Case TB: N —a=dids +1, a even, a <, N—-[>dids

Case 8: N —a=didy+1, | <dydy,a> [, odd.

As for Case 6, there are two options for (.

Case 8A: N—Oé:dld2+l, l<d1d2,0é>B,Oé Odd7 ﬂ+2d1d2SN.

We have,
B=5<a<ﬁ+d1d2<a+d1d2=7<5+2d1d2=5+2d1dQSN=a+d1d2+l
<o+ 2d1d2 =77+ d1d2 < ﬁ + 3d1d2 =0+ 3d1d2

N - N -
Oé+d1d2§N<Oé+2d1d2:>|: a:|=1, B+2d1d23N<ﬁ+3d1d2:>|: 5]22
d1 2 d1d2
N - N-§
y< N <v+didy = [ledZ] =0, 0+2didy <N <d+3didy = [m] =1
1 First entry | Last entry | SR u(dldz)[]\(;l_djl] u(2d1dg)[];[d:;;]
«@ « o +dids 2 1
1] 153 B+ 2dqds 3
Y v Y -1 0
) ) 5+2d1d2 -2 -1
Total 2 2

Table 34 - Case 8A: N —a=dids +1, 8 +2d1ds <N, a> 3, o odd

Case 8B: N —a=dids +1, I <dydy,aa> 8, 0odd, 3 + 2d1ds > N.
We have,

5:5<0z<6+d1d2<a+d1d2:7
SN:Oé+d1d2+l<Oé+2d1d2:’}/+d1d2<6+2d1d2=(5+2d1d2
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N - N —
a+d1d2SN<a+2d1d2:>[ &]21,5+d1d2<N<ﬁ+2d1d2:>[ 5]:1
dldg dldg
N-~ N -6
N did =0, 0 +dydy < N <6 +2dyd -0
ERE 12:[2d1d2] P OThifz e eon 12$[2d1d2]
@1 | First entry | Last entry | SR | u(did2) []\;:djl] (1(2dydy) [JQV d:;;]
« o o+ dids 2 1
6 B ﬁ+d1d2 2 1
v Y v -1 0
J 5 b -1 0
Total 5 3

Table 35 - Case 8B: N —a=dids +1, a> (3, a even, 5+ 2dids > N.
Case 9: N-—a=didy+1, l <dydy, <3, o odd.
As in Cases 6, 7 and 8, there are two options for .

Case 9A: N —a=didy +1, I < didy, a <, aodd, N — 5 <didy
We have,

a<f=0<a+didy=7<N=a+dide+1l=vy+1<B+dyds =0+ dds.

N - N —
a+d1dQSN<a+2d1d2:>[ a:|=1,ﬁ<N<ﬁ+d1d2:>[ B]:O
d1d2 d1d2
N-v N-§
SN<y+l =0, 6<N<§+dd =0
! vt 3[2d1d2] A 23[2d1d2]
a o a+dids 2 1
B B B 1 0
) ) ) -1
Total 1 T

Table 36 - Case 9A: N —a =dyds +1, N - 3 <didy, a < 3,a odd

Case 9B: N—Oé=d1d2+l, l<d1d2, Oé<6, « Od_d7 N—ﬁZdldg
We have,

a<f=0<a+didy=y<f+didy=0+dydo < N=a+dids+1
<Oé+2d1d2:7+d1d2<ﬁ+2d1d2:5+2d1d2
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O[+d1d2SN<O{+2d1d2:>|:

N -~
2d,dy

N - a]
dyds

]:07 5+d1d2<N<6+2d1d2:>[

=1, ﬁ+d1d2<N<B+2d1d2:>[]§_ﬁ]:1
1

N—5] B
2dydy |

73N<’7+d1d2$|:

1 First entry | Last entry | SR | u(dida) [N—m] 1(2dyd) [N—:cl]

dyds 2d1do
« « a+dids 2 1
B B B +dida 2 1
Y g Y -1 0
0 1) 1 -1 0
Total 2

2

Table 37 - Case 9B: N —a =dijdy +1, N -3 > d1ds, a< 8, odd

Case 10: N —a =2kddy, v even, a> 3, k> 1
We have,
b<a=v<fB+didy=0<a+didsy...
< B +2kdidy =6+ (2k = 1)dyds < o + 2kdydy = v + 2kdydy = N
<P+ (2k+1)dids = 6 + 2kdydy < oo+ (2k + 1)dydy = v + (2k + 1)d1ds

N -« 2kd,d
[dldz]:[ dl;;] 2k, B+2kdydy < N <+ (2k+1) d1d2:>[ ]
N-y N-67
=k, 6+ (2k-1)dyds < N <9 +2kd;d =k-1
[2d1d2] 0+ ( Jdidy < N <6+ 12:>[2d1d2
| Flrstentry |- Last enry SR M(dldz)[]\;;cgl] u(zdldz)[m:; 1]
@ @ a+ 2kdidy 2k +1 ok
B B B+ 2kdydy 2k +1 ok
v v v+ 2kdyds —(k+1) K
0 6 o+ (k=1)2didy | -k (o)
Total T e

Table 38 - Case 10: N — «a =2kd ds, a even, a >3 k>1

Case 11: N —a =2kdydy, a even, a < 3, k> 1.

We have,
a=vy<PB<a+didy=vy+didy<B+didy=9...
<a+ (2k-1)didy < B+ (2k = 1)dydy =0 + (k- 1)2dy1ds . ..
<a+2kdidy =+ 2kdydy = N < B+ 2kdydy = 6 + (2k — 1)dyds
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N -«
N -« =2kdd =2k
GTohe [ did, ] ’
N —
ﬁ+(2k—1)d1d2<N<5+2kd1d2:»[ y 5] _ k-1
1W2
N-~
N -~ =2kdd =k
7 1= [2d1d2] ’
N-9¢
0+ (k-1)2dydy < N <0+ (2k - 1)dydy = 57 k-1
142
T First entry Last entry SR p(dyds) []\fll_djl] 1(2dydy) [];d:;;]
« « o+ 2kdqds 2k +1 2k
B 15} B+ (2k-1)d1dy 2k 2k -1
Y Y ’7+2kd1d2 *(k+1) -k
1 0 5+(]€—1)2d1d2 -k —(k—l)
Total 2k 2k

Table 39 - Case 11: N —« =2kdids, o even, a < 3, k> 1.

Case 12: N —a =2kdydy+1, | <didy, o even, a> 5,k > 1
We can have 8 + 2kd dy + didy < oo + 2kdydy + 1 = N since then o — 3 > didy — | which
can be true, but we can also have N = o+ 2kdydy +1 < B+ (2k + 1)dydy from which

a — 3 < dydy -1, which can also be true. So there are two options for the position of
the final entry on the S line.

Case 12A: N —a = 2kdydy + 1, 1 <dydy, o even, a> 3, B+ (2k + 1)d1da < N
We have,

B<Oé=’}/<6+d1d2=(5...
B+2k’d1d2<O_/+2]€d1d2=’7+2kd1d2<6+(2]€+1)d1d2=5+2]{5d1d2§N

=+ 2]€d1d2 +l<a+ 2]€d1d2 + dldg =77+ (2]{? + ].)dldQ
< 6 + (2k + 2)d1d2 =0+ (2]{ + 1)d1d2

N -«
dyds

B+ (2k+1)dydy < N <+ (2k + 2)dydy = [

a+2kd1d2<N<&+(2k+1)d1d2:>[ ]:Qk,

N-5
dydy

N -
v+ 2kdidy < N <y + (2k + 1)d1dy = [—7] =k,
2dydy

0+ 2kdidy < N <6+ (2k +1)dydy = [N_é] =k
2d1dy

]:2k+1
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T First entry Last entry SR u(didz) []Zldjl] 1(2d1ds) [];[dlczl]
« « o+ 2kdqds 2k +1 2k
Jé] B B+ 2k+1)dids | 2k+2 2k+1
0% 5 v + 2kd1ds —(k+1) -k
0 1 (S+2k’d1d2 7(k+1) -k
Total 2k +1 2k +1

We have,

Table 40 - Case 12A: N — «a =2kdyds +1, a even,a> 3, S+ (2k+ 1)d1da < N
Case 12B: N —«a = 2kdydy + 1, | < dyds, v even,ae > 3, B+ (2k + 1)dydy > N.

B<a=y<P+didy=9...

< ﬂ + (Qk - 1)d1d2 =0+ (k’ - 1)2d1d2 <o+ (2]€ - 1)d1d2 =7+ (2/€ - 1)d1d2

< ﬂ + 2k’d1d2 =0+ (2]@’ - 1)d1d2 <o+ deldg =7+ 2kd1d2
<N =a+2kdidy+1< B+ (2k+1)didy = 0 + 2kdyds
<a+ (2k+1)dids = v+ (2k + 1)d1ds

a+2kdidy < N<a+(2k+1) dldQ:[

B+2kd1d2 <N<B+(2k’+1)d1d2 = [
Y+ 2kdydy < N <y + (2k + 1)dyd :[

5+ (2% = )dydy < N <6+ 2kdyds 3[

2&

I_l

I_J

7

T First entry Last entry SR u(drds) [A;ldfl] w(2dyds) [];[dlczl]

« « o+ 2kdqds 2k +1 2k

B 3 B+ 2kd; ds 2k +1 2k

5 vy v+ 2kdyds -(k+1) -k

1 0 6+(k—1)2d1d2 -k —(k’—l)
Total 2k +1 2k +1

Case 13: N —«a =2kdydy +1, | < dyds, o even, a < 3,
Since f—a <l and -« >1[ are both possible, there are two options for the
final entry on the 5 row.

Table 41 - Case 12B: N — a = 2kd1ds + 1, a even, a> 3, B+ (2k+2)didy > N

45
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Case 13A: N —«a =2kdydy +1, | < didy, o even, o> 3, 8+ 2kdydy < N
We have,

a=v<fB<a+didy<P+didy=9...

B+ (2k = 1)didy < 6 + (k= 1)2dyds < a + 2kdds = 7y + 2kdyds

< B +2kdidy =8+ (2k = 1)dids < N = av+ 2kdydy + 1 < a + (2k + 1)dydy
=+ (2k + 1)dyds < B+ (2k + 1)dyds = 6 + 2kdyds

|:N—Oé:|:|:2k’d1d2+l:|:2k7 |:N—’7j|:|:2k’d1d2+l:|:k

dids dids 2dyds 2kdydsy
N —
5+2kd1d2$N<6+(2k+1)d1d2:>[ . dﬁ] =2k
142
N-0
5+(2]€—1)d1d2§N<(5+2]{5d1d2$[ :|=k'—1
2d1ds
1 First entry Last entry SR u(dids) []\;_dxl] 1(2d1ds) [%]
1dz 1d2
« « a+2kdqds 2k +1 2k
5 ﬁ ,8 + deldg 2k +1 2k
~ ~y ~ + 2kdydo —(k+1) -k
) 1) 0+ (k-1)2dyds -k -(k-1)
Total 2k +1 2k +1

Table 42 - Case 13A: N —a =2kdids +1, o even, a< 3, B+2kdids < N

Case 13B: N —«a =2kdids + 1, | <didy, o even, a > 3, B+ 2kdydy > N

We have,

a=v<fB<a+didy<P+didy=9...
<a+ (2k-1)dydy < B+ (2k = 1)dydy = 0 + (k- 1)2d1d,
<a+2kdydy =7+ 2kdydy < N = a+ 2kdyds + 1 < B+ 2kdydy
=0+ (2k - 1)dids < o+ (2k + 1)dydy = v + (2k + 1)d;ds

5+ (k=1)2didy < N < 6 + (2k - 1)dydy = [

N-§
2dydy

|:N—Oé:|_|:2k’d1d2+l:|_2k |:N—’Yj|_|:2kd1d2+l:|_

didy | dyds ST 2didy | | 2kdidy, |
N_

5+(2k—1)d1d2<N<6+2kd1d2:>[ddﬁ]:%—l
142

|-
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T First entry Last entry SR u(didz) []Zldjl] 1(2d1ds) [];[dlczl]

« « o+ 2kdqds 2k +1 2k

3 B B+ (2k - 1)d1ds 2k 2k -1

0% 5 v + 2kd1ds —(k+1) -k

0 1 0+ (k-1)2d1d2 -k -(k-1)
Total 2k 2k

Table 43 - Case 13B: N —«a = 2kdyds + 1, a even, a< B, B+ 2kdids > N

Case 14: N —«a =2kdydy +1, [ < didy, o odd, a > (8
As for Case 13 we have two options on the 5 row.

Case 14A: N —a =2kdydy + 1, 1 <dydy, « odd, a> 3, B+ (2k +1)d1dy < N

We have,

B=(5<a<ﬁ+d1d2<a+d1d2:’y...

[N—a] _ [2kd1d2 +l] _op

dyds dids

N-~] [N-a-ddy| [2kddy+1-didy
[2d1d2] - [ 2d,d; ] - [ 2d,d;

<a+ (2k-1)dydy =~y + (k= 1)2d1dy < 8+ 2kdydy = 6 + 2kdyds
<a+2kdydy =+ (2k = 1)dydy < B+ (2k + 1)d1ds
=0+ (2k+1)didy < N =a+2kdidy + 1 < a+ (2k + 1)d1ds
=7+ 2kdydy < B+ (2k +2)d1dy = 0 + (k + 1)2d1dy

|=#-1

N -
B+ (2k+ 1)dyds < N < B+ (2k + 2)drds :,[ - dﬁ] k41
142
N-§
5+(2k+1)d1d2gN<5+(2k+2)d1d2:>[ ]:k
2dydo
T First entry Last entry SR n(didz) []\;;djl] 1(2d1ds) [];d;;;]
« « o+ 2kdqds 2k +1 2k
B Ié] B+ (2k+1)didy | 2k+2 2k +1
Y Y v+ (k-1)2d1dy -k ~(k-1)
0 1) 5+2]€d1d2 —(k+1) -k
Total 2k + 2 2k +2

Table 44 - Case 14A: N - a = 2kdyds +1, | < dida, o odd, a> 3, B+ (2k + 1)d1da < N

Case 14B: N —« =2kdyda + 1, | < dids, o odd, o> 3, B+ (2k + 1)d1ds > N

47
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f=d<a<f+didy<a+didsy...
<a+ (2k—-1)dydy =+ (k-1)2d1dy < 8+ 2kdydy = § + 2kdyds

<a+2kdidy < N =a+2kdidy +1 < B+ (2k + 1)didy = 6 + (2k + 1)d1ds
<a+ (2k+1)dyds = v+ (2k + 1)dyds

|
|

B +2kdidy < N < B+ (2k +1)d1ds :>[

Chapter 3. Counting Theorem

JV—«y]:[Qhﬁd2+l]:2k

dldQ d1d2

N-71 [N-a-ddy]| [2kdidy+1-dyds
2dld2:| - [ 2d1d2 :| - [ 2d1d2

|

N-p
dids

—k-1

| -2

N-90
5+2kd1d2<N<5+(2k+1)d1d2=>[ ]zk
2d;ds
1 First entry Last entry SR u(dids) []\;l_d;vl ] 1(2d1ds) [];fd;;;l]
« « o+ 2kdqds 2k +1 2k
B 5 ﬁ + deldg 2k +1 2k
Y v v+ (k-1)2d1d> -k -(k-1)
1) ) 6 + 2kdyds -(k+1) -k
Total 2k +1 2k +1

Table 45 - Case 14B:N — av = 2kdydy + 1, I <dydse, o odd, a > B, B+ (2k + 1)dyde > N

Case 15: N —a =2kdydy+1, | <dyds, o 0dd, 8> «
We have two possibilities for the last entry on the 5 row.

Case 15A: N - a = 2kdydy +1, 1 < dydy, o odd, B> o,  +2kdydy < N.

We have,

a<f=0<a+didy=7y<...
<a+ (2k-1)dydy =+ (k-1)2dydy < B+ (2k — 1)dydy < o + 2kdy dy
=y + (2k = 1)dyds < B+ 2kdydy = 6 + 2kdydy < N = v + 2kdydy + 1

<a+ (2k+1)dide = v+ 2kdydy < B+ (2k + 1)dyds = § + (2k + 1)d1do

N -«
dyds

|

B +2kdidy < N < B+ (2k + 1)dyds :>[

§ +2kdydy < N <0+ (2k + 1)dydy z[

|

|

deldg +1

=2k
dids ]

N-v

deldg +1- dldg

|

2dyds

N-p

N -9

2dydy

J-|

2dyds

|2
|-+

dydy

|-
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1 First entry Last entry SR u(dids) []\ledjl] w(2d1ds) [];lec;il]
« « o+ 2kdqds 2k +1 2k
,8 6 B + 2k‘d1d2 2k +1 2k
vy o v+ (k-1)2d1ds -k -(k-1)
0 1 (S+2k’d1d2 7(k+1> -k
Total 2k +1 2k +1

Table 46 - Case 15A: N —a =2kdids +1, [ < dyds, o odd, 8> «, B+ 2kdids < N

Case 156B: N -« = deldg + l, l< dldg, « Odd, B >, N < 5 + deldg

We have,

a<f=0<a+didy="...
<P+ (2k=2)didy =6 + (k= 1)2d1ds < v + (2k — 1)dyds
=+ (k= 1)2dyds < B+ (2K - 1)duds = 6 + (2k — 1)dyds
<a+2kdidy < N < B+ 2kdidy = 0 + 2kdqds

[N—a]_[2kd1d2+l]_2k
didy | L dydy |17

|:N—’)/:| _ [2kd1d2 +l—d1d2

|--1

2d;d> 2d;d>
N-p3
ﬂ+(2k—1)d1d2<Néﬁ+2kd1d2:>[dd ]22]{7—1
142
N-§
5+(2k—1)d1d2<N36+2kd1d2:[ ]k—l
2d;d,
o | Fistentry | Lastenny | SR | (i) [S2 | | i) [5
« « o+ 2kdqds 2k +1 2k
B 153 B+ (2k -1)d1ds 2k 2k -1
v v v+ (k=1)2d1d> -k —(k-1)
1 0 5+(l€—1)2d1d2 -k —(k—l)
Total 2k +1 2k +1

Table 47 - Case 15B: N —a = 2kdyds + 1, | < didy, a odd, 8> «a, B+ 2kd1ds > N

Case 16: N -« = 2]€d1d2 + d1d2 + l, [ < dldg, a even, o > 6

Now 6 + 2k3d1d2 + 2d1d2 <N =a+ deldg + dldg +l = a- B > dldg — [ which can

be true.

But we can also have N = o+ 2kdqdy + dids + 1 < 5+ 2kdydy + 2d1dy = o — < dydy — 1
which can also be true.

There are therefore two possibilities for the last 3 line entry.
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Case 16A: N —a = 2kd1d2 + d1d2 + l, l< dldg, « even, o > ﬁ, ﬁ + 2k’d1d2 + 2d1d2 <N.
We have,

B<a=y<f+didy=0<...

a+2kdide = v + 2kdydy < B+ 2dyds + dydy = 0 + 2kd;dy

<+ 2kdydy + dyds < B+ 2kdyds + 2dydy = 6 + 2kdydy + dydy
<N =a+2kdidy +dyde + 1< B+ (2k + 3)dydy = § + (2k + 2)d1ds

|:N—Oé:| _ |:2]€d1d2+d1d2+l:| — 9%k 4 17 |:N—’}/:| _ |:2k'd1d2+d1d2+l:| _ L

dids didsy 2dd, 2d;d,
N _
6+(2k+2)d1d2§N<ﬁ+(2k+3)d1d2=>[ y dﬁ] =2k +2
142
N-9§
(5+(2k+1)d1d2<N<(5+(2k+2)d1d2:>[ ]:k
2d1ds
1 First entry Last entry SR u(dids) []\;_dml] 1(2d1ds) [%]
1d2 1d2
« o Oz+2]€d1d2+d1d2 2k +2 2k +1
5 ﬁ ,8+2]€d1d2+2d1d2 2k +3 2k +2
~ 5 v+ 2kdydo —(k+1) -k
) 1) 8 +2kdyds —(k+1) -k
Total 2k +3 2k +3

Table 48 - Case 16A: N — a = 2kd ds + dids + 1, | <dids, o even, a > 3, B+ 2kdyds + dids < N

Case 16B: N —« = deldg + dldg + l, l< d1d27 « even, o > B, N < B + deldg + 2d1d2
We have,

B<a<fB+didy=9...
<o+ Ql{idldg =7+ 2kd1d2 < B + 2kd1d2 + dldQ =0+ deldg <o+ deldg + dldg
=5+ Qk'dldg + dldg <N=a+ 2kd1d2 +1< 5 + 2kd1d2 + 2d1d2 =0+ (2k + 1)d1d2

[N—a]:[de1d2+d1d2+l]:2k+1’ [N—')/]:[N—a]:k'

didy dydy 2dds 2d,dy
N —
B4 (2k +1)didy < N < B + (2 +2)dydy = [ . dﬂ] ok,
102

d +2kdydy < N <0+ (2k + 1)dydy = [N—(S] k-1
2d1ds
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ot First entry Last entry SR u(dyds) []\;l_djl ] u(2d1ds) [];]d:;; ]
(% [e% Oé+2kd1d2+d1d2 2k +2 2k +1
6 5 6 + deldz + d1d2 2k + 2 2k
0% 5 v+ 2kdyds -(k+1) -k
0 ) 0 + 2kdyds -(k+1) -(k-1)
Total 2k +2 2k +2

Table 49 - Case 16B: N — a = 2kdids + d1da + 1, [ < dyds, o even, a > 3, N < 8+ 2kdy1ds + 2d1do

Case 17: N —a =2kddy + didy + 1, | < dyids, v even, 5>«
There are two possibilites for the last entry on the 3 row.

Case 17A: N —a =2kd dy + dids + 1, | < dida, o even, B> «,

B + deldQ + d1d2 < N.

We have,

a=v<fB<a+didy=y+didy <P +didy=9...
<a+2kdidy =y + 2kdydy < B+ 2kdydy =6 + (2k — 1) < ac+ 2kdydy + dids
< B+ 2kdydy + dydy =0 + 2kdydy < N = a+ 2kdydy + dyds + 1
<P+ (2k+2)didy =6 + (2k + 1)dyds

|:N—Oé:| _ |:2/{3d1d2 +d1d2 +1
didy |~

dydy

N -~
=2k+1 =
] T [2d1d2] [

N—a]:k‘

2d;ds

N —
ﬁ+(2k+1)d1d2SN<B+(2k+2)d1d2:>[ y dﬁ] =2k+1
102
N-¢
(5+2kd1d2£N<(5+(2k+1)d1d2:> =k
2dyds
x1 | First entry Last entry SR wu(dyds) []\le_d;vl] 1(2d1ds) [];]d:;;]
[e% (% a+2kd1d2+d1d2 2k + 2 2k +1
[)) ﬁ ﬁ+2kd1d2+d1d2 2k + 2 2k +1
5 ~ v+ 2kdyds -(k+1) -k
1) 0 5+2]€d1d2 —(k+1) -k
Total 2k +2 2k +2

Table 50 - Case 17A: N — a = 2kdids + d1ds + 1, a even, > «, B+ 2kdids +dids < N.

Case 17B: N — v = 2kdyds + dydy + 1, | < dyds, a0 even, > «, 5+ (2k + 1)dydy > N.
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We have,

a=v<fB<a+didy<f+dids=9...

<P+ (2k-1)dydy =+ (k-1)2d1dy < a + 2kdydy = 7 + 2kdyds
<P +2kdydy =0+ (2k — 1)dydy < o+ 2kdyda + dyds

=7+ (2k+1)didy < N = a+ 2kdydy + dids + 1

< B+ 2kdidy + didy = 6 + 2kdyds

|:N—Oé:| B [2kd1d2+d1d2 +l:| — 9ok 41 |:N—’)/:| _ |:2/{3d1d2 +d1d2+l] -

dydy | dyds - ©o[2didy | 2d;dy -

B +2kdidy < N < B+ (2k +1)d1dy = [];:16] =2k
142

N —
6+(2k—1)d1d2<N£5+2kd1d2:>[—6]:k—1

2dyds
« « O[+2kd1d2+d1d2 2k +2 2k +1
B 6 ﬂ + 2]€d1d2 2k +1 2k
v v v+ 2kdydy —(k+1) _k
J g 0+ (k-1)2d1dy -k ~(k-1)
Total 2k +2 2%k + 2

Table 51 - Case 17B: 8 + 2kdyds + dyds > N.
Case 18: N -« = deldg + d1d2 + l, [ < dldQ,Oé Odd,Oé > B

There are two possibilities for the last entry on the 3 row.

Case 18A: N —«a =2kdydy + dids + 1, | < didy, o 0odd, o > 3, f + 2kdyds + 2d1ds < N.
We have,

ﬁ=5<a<6+d1d2<a+d1d2:’y...
<o+ deldg +d1d2 =77+ deldg < /B + deldg + 2d1d1
=0+ 2]€d1d2 + 2d1d2 <N< 54— (2]{7 + 3)d1d2 =0+ (2]{7-1- 3)d1d2

[N—a] _ [deldg-f-dldg-f—l] _ 2]{-{-1, |:N—’7:| _ |:2kd1d2+l:|

dyds dids dyds 2d;ds
N —
B+ (2k +2)dydy < N < B+ (2k +3)dids = [ y dﬂ] =2k +2
142

O+ (k+1)2d1dy < N <0+ (2k + 3)dydy = [u] —k+1
2d;d;
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1 First entry Last entry SR u(dids) []\illdjl] w(2d1ds) [];]dlc;;l]

« (0% Oé+2]€d1d2+d1d2 2k +2 2k +1

ﬁ ﬁ B+2k’d1d2+2d1d2 2k +3 2k + 2

y ¥ v+ 2kdyds -(k+1) -k

1) 0 0+ 2kdyda +2d1dy | —(k+2) -(k+1)
Total 2k +2 2k +2

Table 52 - Case 18A: N —«a = 2kdyds + d1de + 1, | < dids, o odd, a0 > B, B+ 2kdids + dids < N.

Case 18B: N —«a = deldg + d1d2 + l, [ < dldg, « Odd, o> ﬁ, B + deldg + 2d1d2 > N.
We have,

B=0<a<f+dids<a+didy="7...

< B+ 2kdidy =0 + 2kdidy < oo + 2kdyds < B+ 2kdyds + didy
=0+ 2kdyds + dydy < v + 2kdyids + dydy = v + 2kdyds
<N < B+ (2k+2)didy =6+ (2k + 2)dydy

|:N—Oé:| _ [2kd1d2+d1d2+l:| =2kj+17 |:N—’)/:| _ |:2/{3d1d2+l:| _ I
dyds dydy dyds 2dyd,

N _

6+(2k;+1)d1d2<N§6+(2k+2)d1d2:>[ y 6] =2k +1
102

N-9
5+(2k+1)d1d2<NS5+(2k‘+2)d1d2:> =

2d1d,
T First entry Last entry SR u(dids) []\le_djl ] u(2d1ds) [];[d:il]
(% « Oé+2]€d1d2+d1d2 2k +2 2k +1
5 B 6+2l€d1d2+d1d2 2k +2 2k +1
vy vy v+ 2kdyds -(k+1) -k
0 1 0 + 2kdids -(k+1) -k

Total 2k + 2 2k +2

Table 53 - Case 18B: N —a = 2kd1d2 + dldg + l, < d1d2, (0% Odd, a > ﬁ, ﬁ + deldg + d1d2 > N.

Case 19: N —«a =2kddy + didy + 1, v odd, B>«
There are two possibilities for the § line.

Case 19A: N —a = deldg + d1d2 + l, [ < dldg, « Odd7 B >, ﬁ + deldg + dldg <N
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We have,
a<f=0<a+didy="...
< ﬁ + deldg =0+ deldg <o+ deldg + dldg =7+ 2kd1d2
< B + 2]{5d1d2 + d1d2 <N=a+ 2]€d1d2 + dldQ +1
< ﬁ + (2]{} + 2)d1d2 =0+ (Qk + 2)d1d2
[N—a] _ |:2kd1d2 +d1d2 + l:| 9%+ 1
dydo dyds
|:N—’}/:| B [2kd1d2+l:| —
2didy | L 2dydy |
N-p
ﬁ+(2k‘+1)d1d2<N<B+(2k+2)d1d2:>[ 77 ]:2k+1
142
N-06
5+(2k+1)d1d2<N<6+(2k+2)d1d2:>[ ]:
2dds
T First entry Last entry SR u(dldg)[]\(;:djl] u(2d1d2)[];7d:dw;]
« [e% O[+2kd1d2+d1d2 2k +2 2k +1
ﬂ B ﬁ+2]€d1d2+d1d2 2k +2 2k +1
gl vy v+ 2kdy1ds -(k+1) —k
0 0 6+ 2kdyds -(k+1) -k
Total 2k + 2 2k + 2

Table 54 - Case 19A: N —a = deldg + d1d2 + l, < dldg, « Odd7 a > 6, ﬁ + 2]{3d1d2 + d1d2 <N

Case 19B: N -« = deldg + d1d2 + l, l< dldg, « Odd, B >, N < ﬂ + deldg + dldg
We have,

Oé<6:5<05+d1d2=’)/...
<B+2k’d1d2=5+2kd1d2<04+2kd1d2+d1d1 Z’}/+2k‘d1d2
SNSB+(2k+1)d1d2=6+(2k3+1)d1d2

|:N—Oz:|_[2kd1d2+d1d2+l:|_2k+1 |:N—’)/:|_|:2kd1d2+l:|
didy | dydy - ’ 2dids | L 2dydy

N —
B+2kd1d2<NgB+(2k+1)d1d2:>[ . dﬁ]zgk
1U2

o+ 2]{5d1d2 <N<O+ (2]{34— ].)dldg = |:N—_5:| =k
2dydy
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1 First entry Last entry SR wu(dids) []\ledjl] u(2d1ds) [];]dlj;]
(0% [e% a+2kd1d2+d1d2 2k +2 2k +1
ﬂ ﬁ 5 + 2kd1d2 2k +1 2k
¥ y v+ 2kdyds -(k+1) -k
0 1) O+ 2kddo -(k+1) -k
Total 2k +1 2k+1

Table 55 - Case 19B: N — a = 2kdyds + dida + 1, I < dids, « odd, o< 3, B+ 2kdids +dida > N.

In all quartets where a > N, the four SR sums add to the same value as the two

wu(dids) []\;;dfl] values and the two 1(2d;ds) [];[d_lczl] values. O
Our Counting Theorem is proved. O]

3.3.6 Conclusion

Lemmas 7, 8, 9, 10 and 11 have proved that the four SR sums of all possible quar-
tets in an expanded Table 4 have the same total value as that of the four respective

N —
wu(dids) [ xl] values so, for each value of d;d>, we can replace one with the other.

dydsy

Since the sum of all the SR values is a count of the number of the upper twin
primes less than N where N is in the interval (pg,p3,,) we have proved,

Theorem 12. In the primod-pg number system, the number of primods less than an
even integer N with no p-digits equal to 0 or 2(mod p) is given by:

T(pe,N,2) = i#(d1d2) [N—xl]

dydy

where Y. 1s a sum with,
(a) pg is the largest prime less than /N

(b) dy is the product of one or more elements of the set {2,3,...,pa} U{l} , where
2,3,...py are consecutive primes

(c) dy is the product of one or more elements of the set {3,...,ps} U {1} so that
(d,2) = 1.

(d) (dy,d2) =1
(e) the sum is over all possible values of dy and ds,

(f) w is the Mobius function and [z] the greatest integer function
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(g9) 1 is the least non negative solution of the system of equations

z=0(mod dy), x=2(mod dy)

Equivalently we have proved the number of upper primes of a twin prime pair
between py and N is given by T'(pg, N,2) as defined in the above theorem.



Chapter 4

The Twin Primes Theorem

We have,

N—.CE1:|
dyds

* N—.Z'l—l’g)
=S u(ddy) [ —L 22
> i(dy z)( s

where x is the least non-negative solution of the system of linear congruences,

x =0(mod d;) and x = 2(mod d»)

T(ps N,2) = 3 (dudy) [

and x5 is the least non-negative solution of the linear congruence,
To = (N —z1)(mod dids)

Lemma 13.
To 18 the least non-negative solution of the system of linear congruences,

x=N(mod dy) and = (N -2)(mod dy)
Proof.

To = (N—xl)(mod dldg) = T9 = N—.’L‘l + k’dldg, keZ
But also,
x1=0(mod dy) = x1 =ady,a€Z
= T9 = N - CLdl + kdldg
= 15 = N(mod d;)
Then x9 = N — 21 + kdids = 1 = N — x5 + kdydy gives,
x1 = (N = x2)(mod dyds) and also 27 = 2(mod dy)
= 2+ady =N — 29+ kdids, a,keZ
= 19 = (N - 2)(mod ds)

27
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So x5 is the solution of the pair of linear congruences,
x=N(mod dy) and x = (N —2)(mod dy)
Since x5 < dyds then x5 is the least non-negative solution of these two congruences. [

Note this means x5 values can be viewed as independent of the x; values, depend-
ing only on N and the sieving primes.

Theorem 14. Twin Primes Theorem
There are an infinite number of twin prime pairs.

Proof. Suppose (p, q) is the largest twin prime pair with ¢—p = 2 and p, ¢ both primes.
Suppose r is the next highest prime. r exists because there are an infinite number
of primes and indeed, by Bertrand’s Postulate, r lies between ¢ and 2¢. Note, given
the value of the largest known twin prime pair, 72 — ¢2 = (r + ¢)(r — q) is a very large
number.

Choose N=¢2+1 and N =r2-1.

Then ¢ is the largest prime less than the square root of both ¢? + 1 and 7% - 1.
Hence, using Theorem 12, and noting 1 is always counted,

q2 +1 — X1 — T2
dyds

T(q,¢*+1,2) = iu(dldQ) =1 (4.0.1)

where x; is the least non-negative solution of the system of congruences
x1 = 0(mod d;) and x; = 2(mod ds) (4.0.2)
and x5 is the least non-negative solution of the system of congruences
13 =¢*+ 1(mod d;) and x5 = ¢*> — 1(mod ds)
Also, again using Theorem 12,

1-77 -7

* 7,,2 _
T(QJ’Q -1,2) = Zﬂ(d1d2)
didy

=1 (4.0.3)

where 77 is the least non-negative solution of the system of congruences
71 = 0(mod dy) and 77 = 2(mod dy) (4.0.4)
and T is the least non-negative solution of the system of congruences
x=7?-1(mod d;) and z = r* - 3(mod d,)
Subtracting (4.0.3) - (4.0.1) gives,

P-2+1-T1+2T2— T3

dydsy

3 (dydy) ~0 (4.0.5)
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By (4.0.2) and (4.0.4) we have x; = T7 for each respective didy, so we have from
(4.0.5),

Ta—xo=12—-¢* -2 (4.0.6)

for all choices of dyd,. Note 72 — g2 — 2 is a fixed number.
But, by Lemma 13, for each choice of (dy,ds), T3 is the least non-negative solution of
the system,

Ty =1r% - 1(mod dy), Tz =7? - 3(mod dy)

and x5 is the least non-negative solution of the system,
79 = ¢*+1(mod dy), x5 = ¢* - 1(mod dy)
Hence, subtracting,
To—29=12-¢*-2(mod d), Tz -z, =7? - ¢* - 2(mod dy)
making,
Ty — 19 =72 - ¢* - 2(mod d;d) (4.0.7)

Hence it is not possible, as required by (4.0.6), to have Ty — x5 = 12 — ¢> — 2 for all
choices of dyds, for example dyds = 3 * 5 where, by (4.0.7), T3 — x5 < 15.

Therefore the assumption (p,q) is the largest twin prime pair is false. We conclude
there are an infinite number of twin prime pairs.

]



